
1 
 

General Constraints on Water Run-off From a Rainfall Event 1 

 2 

J D Rhodes CBE, FRS, FREng and Guy Dixon PhD 3 

 4 

J D Rhodes is an Emeritus Professor at the University of Leeds and Chairman of Isotek Oil 5 

And Gas Ltd. 6 

 7 

Guy Dixon is a Senior Analyst at JBA Consulting, South Barn, Broughton Hall, Skipton, 8 

North Yorkshire, BD23 3AE. Tel: +44 1756 799 919 Email: Guy.Dixon@jbaconsulting.com  9 

mailto:Guy.Dixon@jbaconsulting.com


2 
 

Abstract 10 

A unified theory is formulated for the functional constraints of specially transformed 11 

functions of a rainfall event and the resulting flow of water through any water flow capture 12 

line where the system is assumed to behave in a quasi-linear manner. Using the uniquely 13 

defined transforms, a fundamental conditional relationship is proved which, from a known 14 

rainfall event, allows the total volume of water flow through a capture line to be estimated 15 

from only a limited amount of information, which has been observed. This result is of 16 

particular importance when a significant amount of flow is due to groundwater emergence. 17 

This importance is illustrated by a computer simulated direct surface water capture program 18 

for an area at the base of Ilkley Moor and observed results for a rainfall event in September 19 

2012. 20 

 21 
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Introduction 24 

The transformed function for the rainfall event is obtained in the following manner: 25 

The rainfall event is defined as a function of time, t, as the rainfall per unit area, r(t). The 26 

transform of this function is PR(τ) which, for any time sliding window of duration τ 27 

anywhere within the rainfall event, represents the maximum amount of rainfall for any given 28 

τ. By definition PR(τ) will be a continuous function of τ but may have discontinuous 29 

derivatives if, as τ smoothly increases, the maximum value of rainfall jumps from one part of 30 

the rainfall event to another. This function may be normalized to: 31 

 ( )   
  ( )

  
       (1) 32 

where VR is the total rainfall for the whole of the rainfall event. Hence, 33 

 ( )     for all τ      (2) 34 

and is a continuous function with potential discontinuous derivatives and is dimensionless. 35 

 In a similar manner a function may be constructed for the flow of water through a 36 

capture line as: 37 

 ( )   
  ( )

  
        (3) 38 

where PC(τ) is the maximum volume of water flow through the capture line for the sliding 39 

time window τ. For a given τ it should be noted that PC(τ) will be evaluated over a different 40 

absolute time frame as compared to PR(τ). VC is the total volume of water flow capture due 41 

to the rainfall event but can only be evaluated by accounting for the continuing flow 42 

following the cessation of the rainfall event. Hence, 43 

N(τ) ≤ 1 for all τ       (4) 44 

and is also a continuous function with potential discontinuous derivatives and is 45 

dimensionless. 46 

 Using these definitions the following fundamental theorem is proved: 47 

 48 
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Theorem 49 

 ( )   
 ( )

 ( )
 ≤ 1 for all τ      (5) 50 

where S(τ) is the system function, bounded by unity, and is valid for any quasi-linear system. 51 

Again, S(τ) will be a continuous function, which may have discontinuous derivatives. 52 

 This result is similar in scope and objective to that which was derived nearly half a 53 

century ago for electromagnetic waves propagating in inhomogenous media (Ref. 1) where 54 

solutions required complex numerical computer simulations as is the case here. 55 

 56 

Quasi-Linearity 57 

Linearity is normally expressed in terms of a response to a stimulant. In particular if the first 58 

stimulant gives rise to the first response and a second stimulant gives rise to a second 59 

response then the system is said to be linear if any linear combination of the stimulants gives 60 

rise to the same linear combination of the responses. However, linearity also implies 61 

additional constraints on reality, single valuedness, causality and time-invariance. In the 62 

current situation the functions are obviously real and single valued. Causality states that a 63 

response never precedes a stimulant and time invariance implies that no matter what the 64 

timing of the stimulant is, the relative response is the same. All physical systems are causal 65 

but are not necessarily time-invariant. 66 

 A quasi-linear system is defined as one that is not necessarily time-invariant but is 67 

stated to be time-invariant over the period in which the stimulant and response exist. In all 68 

other respects the system is said to be linear. This definition may exclude certain situations as 69 

follows. 70 

 Obviously if a dam, which was storing water during a storm, collapsed, then there 71 

would be a short but intense flow of water independent of the rainfall event and this would 72 
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represent a highly non-linear effect. Also if a significant amount of snow was on the ground 73 

and melted during the rainfall event then the process would be non-linear. 74 

A lower level of non-linearity would be experienced in cases where water became 75 

stored in the catchment area and overflowed during the rainfall event. In such a case the 76 

system could be described by a piecewise linear system but would be difficult to characterize 77 

without detailed knowledge of the areas of storage. These areas could be below ground as 78 

well as on the surface. However the flow of water in any part of the catchment area would be 79 

lower than if all of the possible storage areas were already full prior to the rainfall event and 80 

should be accounted for in any volume calculations. 81 

Most cases of interest would normally be in evaluating a worse-case scenario. Thus if 82 

the antecedent conditions were such as to ensure that there was total saturation both above 83 

and below ground level prior to the rainfall event then, assuming no catastrophic event, it is 84 

highly likely that the whole system would be characterized in a quasi-linear manner for any 85 

subsequent rainfall event. This would then ensure that the main theorem would be valid. 86 

 87 

Additional Physical Constraints on Rainfall and Waterflow 88 

In addition to the constraints imposed by a system being quasi-linear, there are three obvious 89 

additional constraints which can be identified and play a pivotal role in determining the 90 

constraints imposed on the Linear System Analysis. These are: 91 

 92 

A. Rainfall in any period must be non-negative. Thus the total rainfall up to any point in time 93 

during a rainfall event must be a monotonic function. 94 

 95 
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B. Since water can only flow downhill there is no mechanism that can feed the same water 96 

back into the same flow capture time. This obviously assumes that any defined flow capture 97 

line is constructed such that water only flows in one direction anywhere through the line. 98 

 99 

C. Any water observed flowing through a capture line can only arise from the current rain 100 

falling and additional non-negative contributions from delayed versions of the rainfall event. 101 

This condition automatically implies causality. 102 

 103 

The mathematical implications of all of these constraints will now be applied to the Linear 104 

System Analysis. 105 

 106 

Linear System Analysis 107 

In order to prove the basic theorem a sampled data system analysis has been adopted. In 108 

principle, the larger the number of sample points taken will automatically result in the 109 

convergence towards a continuous system. The original reason for adopting this approach 110 

was dictated by the fact that most measured rainfall data is recorded in a sampled data format 111 

with values also quantized. In addition the rainfall event will terminate after a finite number 112 

of sample periods. 113 

Any finite sampled signal can be represented in the time domain as rainfall 114 

 ( )  ∑    (    )
   
        (6) 115 

where u(t) is the unit step function defined by: 116 

 ( )                                                                           (7)  117 

 ( )                

T is the time delay between samples and  118 

                                                                           (8) 119 
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are the values of the differences between the rainfall in the intervals qT and (q-1)T. 120 

The coefficients    can be positive or negative depending upon whether or not there is an 121 

increase or decrease in the rainfall in consecutive periods. However, since the rainfall 122 

terminates after m sample periods we have:- 123 

∑     
   
         (9) 124 

For Linear systems the Laplace Transform is used and is defined by:- 125 

 ( )   ( ( ))  ∫  ( )    
 

 
             ( )                         (10) 126 

where p is the complex frequency variable and the integral is evaluated for real part of p 127 

[Re.(p)] greater than zero. 128 

Incorporating Eq. (6) into Eq. (10) gives: 129 

 ( )  
 

 
∑     

    
    

 

 
    ( )  (   

   )    (11) 130 

where Fm+1(z) is a polynomial of degree m+1 in z. 131 

From Eq. (9) we have the condition      ( )      and hence Fm+1(z)   has a factor 1-z. 132 

Hence,  133 

        ( )  (   )  ( )                                               (12) 134 

with 135 

  ( )  ∑     
  

         (13) 136 

and  137 

   ∑   
 
        138 

which represents the total rainfall in the qth sample period.  Hence from the first condition A 139 

                                                                          (14) 140 

The total rainfall is therefore: 141 

∑      ( )
 
         (15) 142 
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and the peak rainfall in any sliding time interval is given by the largest value of either    or 143 

the summation of consecutive samples of     in the sliding time window.  Due to the fact that 144 

it is a sampled data system and quasi-linear, the transfer function between the rainfall event 145 

and water flow in any part of the catchment through the capture line can be represented by a 146 

rational function in z. Thus: 147 

 ( )   ( )    ( )                                             (16) 148 

where 
 

   
H(z) is the Laplace Transform of the flow of water through the capture line and T(z) 149 

is the associated transfer function. 150 

From condition B, since there cannot be any feedback, then T(z) must be devoid of poles and 151 

be represented by a polynomial in z as: 152 

  ( )  ∑    
  

         (17) 153 

From condition C, since the delayed contributions from the rainfall event must be non-154 

negative we have: 155 

                                                               (18) 156 

Substituting Eq. (12) into Eq. (16) we have: 157 

  ( )    ( ) (   )  ( )   (   )  ( )  ( )  (   )    ( )     (19) 158 

and hence, 
 

 
     ( )  represents the Laplace Transform of the volume of water flowing 159 

with a total volume of     ( ) where: 160 

      ( )    ( )  ( )                                                       (20) 161 

Now 162 

         ( )    ( )  ( )                                    (21) 163 

 ∑     
    

          (22) 164 

     165 

and hence from Eq. (13) and Eq. (17) 166 
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   ∑        
 
         (23) 167 

with 168 

                                                                        (24) 169 

Now 170 

   ∑    
 
   ∑    

 
         (25) 171 

and 172 

   ∑    
 
          (26) 173 

therefore, 174 

   ∑    
 
           (27) 175 

and 176 

   ∑    
   
          (28) 177 

where the summation of those      terms from    to          represents the largest 178 

summation for any k + 1 consecutive terms from the rainfall event.  Similarly PC is chosen 179 

as: 180 

   ∑    
   
         (29) 181 

and is the largest summation of any k+1 consecutive terms in the flow of water through the 182 

defined capture line: 183 

Define A as: 184 

∑    
 
   ∑    

   
      ∑    

   
       (30) 185 

which from Eq. (23) becomes: 186 

 ∑    
 
   ∑      

   
          (31) 187 

Thus, 188 

(   ) ∑    ∑   ∑  

 

   

   

   

 

   

[∑    ∑    

   

   

   

   

] 
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 189 

And from Eq. (28) is therefore  190 

 ∑   

 

   

[   ∑     

   

   

] 

which is  191 

≥ 0           (32) 192 

since PR is the largest summation of any k+1 consecutive terms of     and all the Ci are non-193 

negative. 194 

Thus since A≤1 from Eq. (29) and Eq. (30) 195 

∑    
 
   ∑    

   
           (33) 196 

 197 

and substituting from Eq. (27) and Eq. (28) 198 

                                                          (34)                                                             199 

If the time between sample periods is now decreased towards a continuous event then in the 200 

limit we have from Eqs (1), (3) and (5) 201 

 ( )   
  ( )   

  ( )   
  

 ( )

 ( )
        (35) 202 

with S(τ) a continuous function of τ but may have a discontinuous derivative at certain values 203 

of τ. 204 

 Hence, this establishes the validity of the basic theorem. 205 

 206 

Application of the Basic Theorem to Simulated Computer Analysis of Rainfall Events on 207 

Land Adjacent to Ilkley Moor, West Yorkshire. 208 

The specific area of land to be considered is contained within the Ordinance Survey Map of 209 

Menston, Ilkley shown in Fig. 1. It should be noted that there are five sandstone layers that 210 



11 
 

have collapsed more than 100 metres downwards from Ilkley Moor in the west. Two are 211 

above the village to the south and the remaining three pass under the village. 212 

 Standard 100 year return period rainfall events of duration 1, 2, 3 and 6 hours were 213 

applied to a LIDAR map of one metre resolution and the resulting water flow capture line is 214 

shown on the Maximum Depth Map as a red line encompassing a seasonal watercourse on 215 

the Derry Hill site in Menston as shown in Fig. 2. The computer simulation only accounts for 216 

the direct surface water capture but covers sufficient area such that all of the surface water 217 

that can be directly captured is channelled appropriately to flow in a pro rata manner through 218 

the capture line and also assumes a 40 per cent run-off rate. A recorded rainfall event, which 219 

basically started at 9:00pm on 23 September 2012 and lasted for 54 hours (recorded at the 220 

nearby Silsden Reservoir) is plotted in Fig. 3 together with the flow of water through the 221 

same capture line. Fig. 4 shows the corresponding Maximum Depth Map. 222 

 A set of key parameters for these five simulations is given in Table 1. Table 2 shows 223 

the calculations that result from applying the transformations to the rainfall and volume of 224 

water passing through the capture line using the sliding window approach and demonstrates 225 

the validity of the main theorem with S(τ) always being bounded by unity. The final column 226 

shows the resulting estimate for VC based upon a limited knowledge of the flow through the 227 

capture line. 228 

 229 

The result for the September 2012 event appears to be remarkable since only knowing 230 

the maximum flow through the capture line for a 3 hour period and above gives an estimated 231 

total flow for the entire 54 hour period within a 3 per cent accuracy. It is important to 232 

understand why this is the case. 233 

The parameter A is defined in Eq. (30) and appears in the condition of Eq. (32) and 234 

will have a value close to unity if all of the factors on the right hand side of Eq. (32) are close 235 



12 
 

to zero. If this were to be the case then the estimated value of VC would be very close to the 236 

true value as calculated. The values of the non-negative Ci coefficient are unknown but the 237 

number of significant ones can be estimated to be about 10 from the time duration of the 238 

continuing flow through the capture line following the cessation of the rainfall event as 239 

shown in Fig. 3. Thus, the most important factors are the coefficients bi of the rainfall event 240 

itself and how they appear in Eq. (32). 241 

For any given sliding time window these factors are the differences between the peak 242 

value for a particular sliding time window and time offsets around this window. From Fig. 3 243 

and Table 1 the flow around the peak flow implies that q exceeds r by about 6 time 244 

increments in Eq. (32). Hence, for the parameter A to be close to unity for a given sliding 245 

time window, the differences between the peak rainfall and those between -4 to +6 offset time 246 

increments must be close to zero on a percentage basis. Table 3, for various sliding time 247 

windows, gives the value of these rainfalls for window offsets from the peak in increments of 248 

15 minutes. For the 1 hour calculation the value of rainfall decreases rapidly from the peak. 249 

However, for the 3 hour and above calculations, the terms from -4 to +6 from the peaks of the 250 

recorded rainfall event give difference factors close to zero thus ensuring that the resulting 251 

estimates for VC are very accurate. 252 

Thus one may calculate that for any prolonged rainfall event where, for a given 253 

sliding time window, the variations of rainfall for time increments offset from the peak which 254 

cover the total time delay in the whole of the catchment area will result in very accurate 255 

estimates for the total volume of water flowing through the capture line for the whole rainfall 256 

event. 257 

 258 

Observed Flow During the September 2012 Rainfall Event 259 
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Numerous video clips and photographs were recorded both on and above the Derry Hill site 260 

between 4:00pm and dusk on 24 September 2012 and between 10:00am and 11:00am on 25 261 

September. On the evening of 24 September Fig. 5 shows the flow through the capture line 262 

on Derry Hill, Fig. 6 the flow in the lower part of the field and Fig. 7 the flow in a 263 

watercourse below the field that captures the water flowing down in the right hand corner of 264 

Fig. 6. Figs 8 and 9 show the water flow some 18 hours later in the field and the same 265 

watercourse below the field respectively. 266 

 The maximum capacity of the watercourse below the field is 330litres/second and 267 

hence the estimated flow rates were about 300 and 200 litres/second as shown in Fig. 7 and 268 

Fig. 9 respectively. The flow through the capture line and the remainder of the field is 269 

obviously far greater than that shown in Fig. 4 and is comparable to that shown in Fig. 3 for 270 

the 100 year return period storms. Thus, one can only conclude that the peak flow recorded 271 

through the capture line was of the order of 1.2 m
3
/second and this was observed for 5 – 6 272 

hours. Some 18 hours later it is estimated that this level had reduced to about 0.8m
3
/second. 273 

From Fig. 3 it should be noted that the rainfall intensity increased during the night of 24 274 

September and hence it is reasonable to assume that the average over the 18 hour period was 275 

close to 1m
3
/second. 276 

 From the main theorem the total volume of water passing through the capture line VC 277 

is: 278 

For 1 hour 279 

   
    

   
                           (36) 280 

For 3 hours 281 

   
    

    
                               (37) 282 

For 6 hours 283 

   
    

    
                                (38) 284 
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For 18 hours 285 

   
    

    
                                (39) 286 

 With a final estimate for VC of about 120,000m
3
 then the effective capture area for 287 

the rainfall event is about 375 hectares, which is 14 times larger than the effective capture 288 

area for direct surface water capture as shown in Table 1. For this level of capture some of 289 

the rain must have fallen to ground at a significant distance from the capture line, flowed 290 

below ground level, and taken several hours before emerging from the ground and flowing 291 

onto the surface towards the capture line. This fact was confirmed by the observed peak flow 292 

in the watercourse occurring 5 – 6 hours after the peak in the rainfall. 293 

One must conclude that due to the necessary additional rainfall capture area the 294 

number of significant Ci terms in Eq. (32) must be of the order of 50 to give the delayed peak 295 

flow in the watercourse and must be of sufficient magnitude to provide the factor 14 increase 296 

in the volume of water. Thus for the September 2012 rainfall event, as the sliding time 297 

window is increased, the estimated value of VC will increase in the manner indicated here 298 

and not the same as in Table 2. On a pro rata basis it is more likely to converge in a similar 299 

manner to the 6 hour storm shown in Table 2 where, for the estimate for a 2 hour sliding time 300 

window, gave an accuracy of close to 2 per cent and this would be similar to the 18 hour 301 

window for the 54 hour September 2012 event. 302 

 303 

Conclusion 304 

The main theorem, which has been proved in this paper, establishes a conditional relationship 305 

between a given rainfall event and the resulting flow of water through a capture line when it 306 

is assumed that the system behaves in a quasi-linear manner. This assumption will normally 307 

always occur when the antecedent conditions are such that the majority of the water storage 308 

areas are close to capacity prior to the rainfall event. 309 
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 The result is of particular importance when a significant amount of the run-off has 310 

originated from groundwater emergence of water from rain that has landed on the ground at a 311 

relatively large distance from the capture line prior to emerging in an area within the direct 312 

surface water capture area. This effect has readily been demonstrated for a prolonged rainfall 313 

event that occurred in September 2012 where the run-off was observed and recorded through 314 

video clips and photographs in Menston, Ilkley, giving a total volume of water more than an 315 

order of magnitude greater than that which was calculated from direct surface water capture 316 

alone.   317 
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Table 1 322 

Simulated Rainfall Run-off Event 323 

Storm Duration (hours)  

1 

 

2 

 

3 

 

6 

Sept 2012  

54 

 

Total rainfall (mm per 

unit area) VR 

45.26 53.84 59.61 70.89 79.8 

Total flow through  

capture line  (m
3
) VC 

4354 5396 6102 7473 8550 

Peak flow through  

capture line (m
3
/sec) 

1.61 1.57 1.44 1.11 0.13 

Effective capture  

area for 40% run-off  

(hectares) 

24.0 25.1 25.6 26.4 26.8 

Delay from peak 

rainfall to peak flow 

(minutes) 

25 25 24 26 75 ± 15 

 324 

  325 
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Table 2 326 

Application of Basic Theorem to Simulated Events  327 

Storm  

duration  

(hours) 

Sliding  

time  

window  

(τ)  

(minutes) 

PR (τ)  

(mm per 

 unit 

area) 

D (τ) PC(τ) 

(m
3
) 

N(τ) S(τ) = 
 ( )

 ( )
 

Minimum 

estimated 

VC = 
  ( )

 ( )
 

1 5  12.46 0.275 476 0.109 0.396 1731 

15  29.02 0.641 1322 0.304 0.474 2062 

30 37.76 0.834 2263 0.520 0.624 2713 

60 45.26 1.0 3393 0.799 0.799 3393 

∞ 45.26 1.0 4354 1.0 1.0 4354 

2 5 9.20 0.171 469 0.087 0.509 2743 

15 23.86 0.443 1342 0.250 0.564 3029 

30 33.36 0.620 2394 0.446 0.719 3861 

60 44.32 0.823 3745 0.698 0.848 4550 

120 53.84 1.0 4898 0.912 0.912 4898 

∞ 53.84 1.0 5369 1.0 1.0 5369 

3 5 7.57 0.127 427 0.070 0.551 3362 

15 20.53 0.344 1246 0.204 0.593 3622 

30 29.61 0.497 2303 0.377 0.759 4634 

60 41.41 0.695 3766 0.617 0.888 5419 

120 53.79 0.902 5173 0.848 0.940 5735 

180 59.61 1.0 5752 0.943 0.943 5752 

∞ 59.61 1.0 6102 1.0 1.0 6102 

6 5 5.31 0.075 327 0.044 0.587 4360 

15 15.17 0.214 965 0.129 0.603 4509 

30 22.75 0.321 1849 0.247 0.769 5760 

60 33.99 0.479 3265 0.437 0.912 6816 

120 48.67 0.687 5014 0.671 0.977 7298 

180 57.81 0.815 6033 0.807 0.990 7402 

360 70.89 1.0 7197 0.963 0.963 7197 

∞ 70.89 1.0 7473 1.0 1.0 7473 

September 

 2012 

54 hours 

1 hour 5.0 0.063 428 0.050 0.794 6794 

3 hours 11.0 0.138 1147 0.134 0.971 8312 

6 hours 18.8 0.236 1956 0.229 0.970 8288 

12 hours 30.6 0.383 3268 0.382 0.997 8533 

24 hours 51.6 0.647 5520 0.646 0.998 8532 

48 hours 74.4 0.932 7894 0.923 0.990 8470 

54 hours 79.8 1.0     

∞ 79.8 1.0 8550 1.0 1.0 8550 

 328 

329 
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Table 3 330 

Sliding Time Windows for September 2012 Event 331 

Sliding Time Window 

τ (hours)  

 
1 Hour 

 

(mm) 

3 Hours 

 

(mm) 

6 Hours 

 

(mm) 

12 Hours 

 

(mm) 

18 

Hours  

 

(mm) 

24 

Hours 

 

(mm) 

24 

September 

2012 

 

IN 

 

15 

 

MINUTE 

 

STEPS 

 4.4 9.8 17.0    

 4.8 9.8 17.6    

Peak 

ending 

12:15pm 

5.0 10.2 18.2 29.2 

  

 4.8 10.8 18.2 29.8  48.8 

Peak 

ending 

12:45pm 

3.8 11.0 18.8 30.2  50.0 

Peak 

ending 

2:30pm 

 

10.8 18.8 30.0 41.0 50.2 

  10.6 18.6 30.4 41.8 50.4 

Peak 

ending 

8:30pm 

 

10.2 17.8 30.6 42.4 50.4 

  10.4 17.6 30.4 43.2 50.8 

25 

September 

2012 

  10.6 17.6 30.0 43.6 50.8 

Peak 

ending 

02:45am 

 

9.6 18.2 30.0 43.8 51.0 

   18.2 30.0 43.4 51.2 

   17.8 30.2 43.0 51.4 

Peak 

ending 

07:45am 

  

17.2 30.0 42.6 51.6 

    30.2 42.4 51.4 

    30.2 41.8 51.4 

    30.0 41.6 51.4 

    29.4 41.4 51.0 

    29.2  50.2 

      50.0 

      50.0 

      48.8 

 332 

  333 
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 334 

335 
Figure 1. Menston, Ilkley, West Yorkshire. 336 
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337 
Figure 2. Maximum Depth Map for 100 year storms. 338 
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339 

Figure 3. Rainfall and flow capture for September 2012 event. 340 

  341 
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 342 

Figure 4. Maximum Depth Map for September 2012 event. 343 
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 344 

Figure 5. Water flow through the capture line, 24 September 2012. 345 

  346 



25 
 

 347 

Figure 6. Water flow below the capture line, 24 September 2012. 348 

  349 
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350 
Figure 7. Water flow in lower watercourse, 24 September 2012. 351 

  352 
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 353 

Figure 8. Water flow below the capture line, 25 September 2012. 354 

  355 
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 356 

Figure 9. Water flow in lower watercourse, 25 September 2012. 357 


